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Abstract. In order to obtain solutions to problem 

\ \x\ 

[ « > in iR^, and M e ©^■2(iR^), 
h and k must be chosen taking into account not only the size of some norm but the shape. More- 
over, if h{x) = 0, to reach multiplicity of solution, some hypotheses about the local behaviour of 
k close to the points of maximum are needed. 



(1) 



1. Introduction 
In this paper we will consider the following class of problems 

-Au = ( ^±^)u + k{x)u^'-\ X e 1?^, 



M > in R^, and u G V^''^{]R^) 



where TV > 3, 2* = and h, k are continuous bounded functions, for which we will state 

appropriate complementary hypotheses. Here 'D^-^{M^) denotes the closure space of C^(5?^) 
with respect to the norm 

1/2 

|-Di,2(jRiV) := ( \Vu\'^dx 
By the Sobolev inequality we can see that V^-^ilR^) is the class of functions in [M^] the 

1/2 

distributional gradient of which satisfies ( jj^N |Vupc?a;) < oo. 

For = 0, fc = 1 the problem is studied by S. Terracini in [18]. In [11] the existence of a positive 
solution is proved in the case /i = by using the perturbative method by Ambrosetti-Badiale in 
[2] , even for a more general class of differential operators related to the Caffarelli-Kohn-Nirenberg 
inequalities that contains our operator. By the perturbative nature of the method, the solutions 
found in [11] are close to some radial solutions to the unperturbed problem. On the other hand. 
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in [16] Smcts obtains the existence of a positive solution for problem (1) with h = 0, k bounded, 
fc(0) = lim k{x) and dimension N = A. 



In this paper we study the existence of positive solutions in the case in which either h = and 

fc ^ 1 or fc = 1 and h ^ satisfying suitable assumptions. Our results hold in any dimension and 
are proved using the concentration- compactness arguments by P.L. Lions. 

It is known that the general problem has an obstruction provided by a Pohozaev type identity that 
shows us the particularity of this problem, that is: the existence of a positive solution depends not 
only on the size of the functions h and k but also on their shape. More precisely, assume that u 
is a variational solution to our equation with h,k € C^. Multiplying the equation by (a;, Vu) and 
with a convenient argument of approximation we get that necessarily 



This behaviour makes the problem more interesting to be analyzed. The existence part of the 
paper is mainly based on the concentration- compactness arguments by P.L. Lions (see [13] and 
[14]) and involves some qualitative properties of the coefficients that avoids the Pohozaev type 
obstruction. We also obtain multiplicity of positive solutions by using variational and topological 
arguments. 

The organization of the paper is as follows. Section 2 is devoted to the study of nonexistence 

and existence for k = 1 and h satisfying suitable conditions. As pointed out above, we mainly use 
the concentration- compactness principle by P.L. Lions. The main result in this part is Theorem 2.5. 
Section 3 deals with the existence and multiplicity results for the case in which h = and k satisfies 
some convenient conditions. In this part of the paper we will use techniques that previously had 
been introduced to study related problems by Tarantello in [17] and refined by Cao- Chabrowsky 
in [6] (see also the references therein). We use this approach in the case that the function k achieves 
its maximum at a finite number of points. The main result in Section 3 is Theorem 3.13. In 
Section 4 we study a more general class of functions k, i.e. we treat the case in which k can reach 
its maximum at infinitely many points, but having only accumulation points at finite distance to 
the origin. To analyze this case we use the Lusternik-Schnirelman category. This point of view 
is inspired by the study of multiplicity of positive solutions to subcritical problems done by R. 
Musina in [15]. After several technical lemmas the main result contained in Section 4 is Theorem 



In a forthcoming paper we will discuss the case of critical equations related to the so called 
Caffarelli-Kohn-Nirenberg inequalities . 
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We will study perturbations of a class of elliptic equations in M related to a Hardy inequality 
interacting with a nonlinear term involving the critical Sobolev exponent . Precisely we will 




4.5. 



2. Perturbation in the linear term 
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consider the following problem 
(2) 



. A + h{x) 2* , 

\x\ 

u > in M^, and u G V^''^{1R^), 



where A'' > 3 and 2* = -^z^- Hypotheses on h will be given below. To be precise we recall the 
Hardy inequality. 



Lemma 2.1. (Hardy inequality) Assume that u G V^'^iM^), then ^ e L'^(IR^) and 

\x\ 

[ riodx <Cn f iVul'^dx, 

where Cn = (7735)^ optimal and not attained. 

Hereafter we will call Aat := C^^ — ^^^^^ . See for instance [9] for a proof. 
The case /i = of (2) has been studied by S. Terracini in [18]; she shows, in particular, that 

(1) a A> An , then problem (2) has no positive solution in V'{]R^): 

(2) if A G (0, Ajv) then problem (2) has the one-dimensional C'^ manifold of positive solutions 



(3) 



where 



A 



JV 



Moreover, if we set = / | Vw| dx — A -—-dx, then we obtain that 



N-l 



Qa{u) _ Qa{wi,) _ ^ . A \ " 



(5) S= inf = T^^V.i'^ =S\ 1 , 

where 5* is the best constant in the Sobolev inequality. Notice that S is attained exactly 
in the family tz;^ defined in (3). 

2.1. Nonexistence results. Wc begin by proving some nonexistence results that show the fact 
that in this kind of problems both the size and the shape of the perturbation are important. Define 

(6) Q{u)= I \Vu\Hx- I (^±^\u'dx, 

Jr^ Jr'" V Fr / 

lC = {ue V^'^{]R^) I = l}, and consider h = inf^eK Q{u)- 

Lemma 2.2. Problem (2) has no positive solution in the following cases: 

(a) If A + h{x) > m some hall Bs{0) and h < 0. 

(b) If h is a differentiable function such that {h'{x),x) has a fixed sign. 
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Proof. We begin by proving nonexistence under hypothesis (a). Suppose that Ji < 0, and let 
w be a positive solution to (2). By classical regularity results for elliptic equations we obtain that 

u e C°°(1?^\{0}). On the other hand, since A + h{x) > in ^^(O), we obtain that -Au > 
in 'D'{Bs{())). Therefore, since u > and m ^ 0, by the strong maximum principle we obtain 
that u{x) > c> in some ball -Br;(0) CC -85(0). 

Let (j)n G C^{1R ), (pn > 0, llf^iinlh* = 1, be a minimizing sequence of h. By using — as a test 
function in equation (2) we obtain 

A direct computation gives 

(7) 2/ ^VcPrNudx^l %Vu\''dx= [ 

and since ^ 

2^V(A„Viy^-%|Vu|2< |V.^„|2, 
u 

we conclude that 

On the other hand, h < implies that we can find an integer no such that if n > no, 

J]R« Jm« \A 

As a consequence J^jn ^^w^ ~^ < 0, for n > no, which contradicts the hypothesis m > 0. 

Let us now prove (&). By using the Pohozaev multiplier (x, Vu), we obtain that if u is a positive 

solution to (2), then 

^^^^^u^dx = 0, 
which is not possible if {h'{x),x) has a fixed sign and u^O. M 

Corollary 2.3. Assume either 
i) A> Ajv and h>0, or 
ii) A> An andl< (;v-2)^||/i||^ ' 
then problem, (2), has no positive solution. 

2.2. The local Palais-Smale condition: existence results. To prove the existence results we 
will use a variational approach for the associated functional 



(8) 



J{u) = - I \Vu\Hx -- I ^-Li^u'^dx - - I \ufdx. 



We suppose that h verifies the following hypotheses 

(hO) A + /?,(0) > 0. 

(hi) h e C{M'^)nL°°{M^'). 

(h2) For some co>0, A+ ||/i||<x> < Ajv - cq. 
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Critical points of J in V^''^{M^) are solutions to equation (2). We begin by proving a local 
Palais-Smale condition for J. Precisely we prove the following Theorem. 

Theorem 2.4. Suppose that (ftO), {hi), {h2) hold and denote h{oo) = Hmsup /i(a;). 

|a:|— >oo 

Let {un} C V^''^{M^) he a Palais-Smale sequence for J , namely 

J{Un) — > C < 00, J'{Un) — > 0. 

If 

c<c- -5^ nnn|(l ^) ,(l ^) |, 

then {un} has a converging subsequence. 

Proof. Let {u„} be a Palais-Smale sequence for J, then according to (/i2), {un} is bounded in 
V^''^{1R^). Then, up to a subsequence, i) Un uq in 'D^''^{IR^), ii) u„ — > uq a.e., and iii) u„ — > uq 
in i^^, q; € [1,2*). Therefore, by using the concentration compactness principle by P. L. Lions, 
(see [13] and [14]), there exists a subsequence (still denoted by {u„}) which satisfies 

(1) |Vu„|2 -d^> |Vuo|'+E,e 



(2) |u„|2* dv = |77oP* + Eje:7 ^j^t, + va^a, 

2 

(3) Si-^'-^ < fij for all j ^ J U {0}, where JT' is at most countable, 



(4) ^^d7 = ^+7o<5o, 

(5) AatTo < Mo- 

To study the concentration at infinity of the sequence we will also need to consider the following 
quantities 

z^oo = fim limsup / |wn|^ dx, /Xqo = lim limsup / |Vm„|^ dx 

R^oo „_»oo J\x\>R R^oo n^<x> J\x\>R 

and 



7oo = lim limsup / --^dx. 

R^oo n^oo J\x\>R 

We claim that J' is finite and for j e J, either vj = or Vj > S^f^. We follow closely the 
arguments in [3]. Let £ > and let be a smooth cut-off function centered at Xj, Q < (p{x) < 1 
such that 

L il \x — xA < —, 



cp{x) = { ^' -^^i " 2' 

0, if ja; — Xj \ > e, 



4 

and |V(/>| < -. So we get 



= lim {J'{Un),Un(f)) 
n— >oo 

= lim ( / |Vw„p(/)+ / w„Vw„V(^- / ^ I fj"^^ ulcj) - [ (l)\un\ 
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From 1), 2) and 4) and since ^ supp((/>) we find that 

lim / \S/Un\'^(t>= / (l>dfi, lim / l^nl^ = / (l^du 



and 

f A + h{x) ^ 
Taking limits as e we obtain, 



lim 

n — *oo 



U„0 = 



A + h(x) o 

— ri2 — "o^ 



lim lim 



/ UnVUnVct) 



0. 



Hence, 



= lim lim {J'(un),Un^) = — Vj- 

£— >0 n—*oo 



By 3) we have that < then we obtain that either Vj = or Vj > 5^'^, which implies that 

J is finite. The claim is proved. 

Let us now study the possibility of concentration at a; = and at oo. Let tp he & regular function 
such that < ^^{x) < 1, 

^^^^ \ 0, if \x\ < R, 



and |VV'| < From (5) we obtain that 

H. 



\V{untp)\'^dx -{A + h{oo)) 



(9) 



Hence 



Therefore we conclude that 



2, ,2 



-dx 



R 



N \Xl 



\V{unip)\'^dx - {A + h{oo)) 



2/2* 



> S I 



A + h{oo) \ -Tv^ 



V Ajv / 



'-dx > S I 



R^ 



V Ajv / 



\tpu„ 



, \ 2/2* 



R^ 



We claim that 



/ tjj'^\Vun\'^dx+ / ul\Vipfdx + 2 / UntpVunVtpdx 

jRf^ jRf^ jRf^ 

>{A + Moo)) ^dx + - ^^^) ^ ( l^-nP*)'''* . 

lim lim sup i / ul\Vip\'^dx + 2 |u„|'^|Vu„||VV'Ma; i = 0. 

fl^oo „^oo L JrN JrN J 



Using Holder inequality we obtain 



/ |«„|V|Vu„||V^|da; < ( / lunHWI'da; 

JK'^ V Jfl<|a;|<iJ+l 



1/2 



1/2 



iJ<|x|<fl+l 
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Hence 

1/2 



lim / |«„|V;|Vu„||VV|rfa; < c( [ \uo\''\V^\''dx 

n^ooJ^N \Jr<\x\<R+1 

/ r \ 2/2* / p \ 2/JV 

< C[ \uofdx] i IWr^a; 

\Jr<\x\<R+1 / \^fl<|x|<ii+l / 

f \ 2/2* 

Jr<\x 



< C( I \uofdx 
:\x\<R+i 

Therefore we conclude that 

\ 2/2* 



lim limsup / |M„|^|Vu„||VV'|rfa; < C Hm I / |uo|^ dx\ =0. 

R^oo n^oo J]rN \ J R<\x\<R+1 J 

Using the same argument we can prove that 

lim limsup / u^|VV'|^ = 0. 

R—yoo n—yoo J M''' 

Then we get 

JV-l 

(10) - (A + Moo))7oo > ^(l - ^ " 

Since lim lim {J' {un) , Unfp) = 0, we obtain that ^oo — + /i(oo))7(x, < i^oo- Therefore we 

i?— >oo n— >oo 



A+h(cc) \ 



conclude that either i^oo = or z/qo > S* ^ (l — j 
The same holds for the concentration in = 0, namely that cither 

N-l 

A + h{{)y 



As a conclusion we obtain 



z/Q = or fo > 5 2 ( 1 



c = J(u„) - i(J'(ii„),u„} +o(l) 

= 4/ \Un\^*dx + 0{l) = ^\ I \uo\^* dx + 1^0 + 1^00 + ^2 

If we assume the existence of j G jT'LljOjOo} such that Vj ^ 0, then we obtain that c > c* a 
contradiction with the hypothesis, then up to a subsequence u„ — > uq in 'D^'^{]R^). ■ 

To find solutions requires to consider some path in 'D^''^{IR^) along which the maximum of J{'y{t)) 
is less than c*. To do that, for H = max{/i(0), h{oo)}, we consider {w^} the one parameter family 
of minimizer to problem (5) where A is replaced hj A + H. Then we have the following result. 

Theorem 2.5. Suppose that (hO), (hi) and {h2) hold. Assume the existence of > such that 
(11) / hix)^dx>Hf ^dx, 

then (2) has at least a positive solution. 
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Proof. Let /xo be as in the hypothesis, then if we set 

fit) = J{tw^,) = \{ ! \'^w^,\Hx - [ ^-tJ^wldx) -\- f \w^,fdx, t > 

we can see easily that / achieves its maximum at some to > and we can prove the existence of 
p > such that JitWfj,^) < if Htw^io II — P- By a simple calculation we obtain that 

° Jk" I^mI^ dx 

and 

N/2 



(12) J{tow^,, ) = max J(to^„ ) = 7} , ^T^IX^ 



iJ^N \Wf,„\^'dxy 



N-1 



Using (11) we obtain that 
(13) 

/ \ 
We set 

r = {7 e C([0, l],2?i'2(iR^)) : 7(0) = and J(7(l)) < 0}. 

Let 

c= inf max J('y(t)). 
7erte[o,i] 

Since JitoWfj,^) < c* , then wc get a mountain pass critical point uq- Then we have just to prove 
that we can choose uq > 0. We give two different proofs. 
First proof. Consider the Nehari manifold, 

M = {ue V^^^{R^) : M 7^ and {J'{u),u) = 0} 

«e2?^'2(iR^) : w^Oand / \Vu\''dx = [ / \ufdx]. 

Jn JQ Fr Jn J 

Notice that uo, \uo\ G M. Since uq is a mountain pass solution to problem (2) then one can prove 
easily that c = J(uo) = min J(u) (see [19]). Moreover as J(|mo|) = min J(u), then |uo| is also a 

critical point of J. 

Second proof. Here we use a variation of the deformation lemma. Since uq is a mountain pass 
critical point of J, which is even, we have 

c = J{uo) = J(|uo|) = ma^J{t\uo\). 

Let ii > be such that J{ti\uo\) < 0. We set 7o(i) = t{ti\uo\) for t G [0, 1]. Notice that 70 G T 
and 

c= J(|wo|) = max J(7o(t)). 
te[o,i] 
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If I Wo I is a critical point to J, then we have done. If not then using Lemma 3.7 of [10] we obtain 
that 7o can be deformed to a path 71 e F with maxtgjo.i] J{"fi{t)) < c, a contradiction with the 
definition of c as a min-max value. 

Hence we have nonnegative solution to problem (2). The positivity of the solution wq is an appli- 
cation of the strong maximum principle by using hypotheses (/lO) and [hi). ■ 

We give now some sufBciont condition on h to have hypothesis (11). 

Lemma 2.6. Suppose one of the following hypotheses holds 

(1) h{x) > h{0) + ci \x\''A+HiN-2) ^^^^11 ci>0 if h{0) > h{oo), or 

(2) h{x) > h{oo) + C2|a;|-''^+"(^-2) for \x\ large and C2 > ifh{oo) > h{0), 
then there exists /lo > such that (11) holds. 

Proof. Let 5 > be small such that if \x\ < 5 then h{x) > h{0) + ci\x\''^+''^'^~'^\ For simplicity 
of notation we set va+h = v- Let 



'ixi<^ Fi + 

then 



l6,n > Ci / 

J \x 



x\<S |a;|(i-'')^+2''(/i2'' + |a;|2'')^'- 



-2 ■ 



Since u{N - 2) - [(1 - u)N + 2iy + 2v{N - 2)] = -A^ , we conclude that I^,^ ^ 00 as /z 0. On 
the other hand 



f dx f dx 



< C{S). 



Therefore we get the existence of /io > such that 

r wl ix) r wl (x) r wl ix) 

/ {h{x)-H)^^dx> {h{x) - H)^^dx - \h{x) - H\^^dx > Q. 

Jr'' \x? J\a^\<5 kr J\x\>s kr 



Then the result follows. 

The second case follows by using the same argument near infinity. 



3. Perturbation of the nonlinear term: Multiplicity of positive solutions 
In this section we deal with the following problem 

, , i -Au= -^u + k(x)u^'-\ X & M^, 

(14) I \x\^ 

> in M^, and u G V^'^{R^), 
where N > 3, < A < Ajv and is a positive function. 
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3.1. Existence. Assume that k verifies tlie hypothesis 

{KO) k e L°°{]R'^)nC{lR^) and ||fc||oo > max{A;(0), A:(cx))}, where k{oo) = limsup fc(a;). 

|cc|— >oo 

We associate to problem (14) the following functional 

(15) Mu) = \[ \Vu\^dx ( ^dx - 1 / kix)\ufdx. 

As in the first section we have the following Lemma. 

Lemma 3.1. Let C V^''^{]R^) be a Palais-Smale sequence for J\, namely 

J\{Un) ^ C < 00, J'xiUn) ^ 0. 

If 

1 N N-2 / A \ N-2 / A \ ~2~ 

c < c(A) = -S^ min jllfclloo^, (fc(0))-^ " A^) ' (^M)"^ V'T^J j 
then {«,„} has a converging subsequence. 
The proof is similar to the proof of Theorem 2.4. 

In the case in which fc is a radial positive function, we can prove the following improved Palais- 
Smale condition. 



Si(A) = >-(l - ^) "'^ niin{(fc(0))-^, (Moo))"^}. 



Lemma 3.2. Define 

1 „N(. X_ 

If {un} C V^^'^^M^) is a Palais-Smale sequence for Jx, namely 
and c < ci, then has a converging subsequence. 

RemEirk 3.3. This follows from the fact that the inclusion of H^{Cl) = {u & L^{fl) : |Vu| G 
L^(ri), u radial}, where = {x G IR^ : Ri < \x\ < R2}, in i*(f2) is compact for all 1 < q < 00 

and in particular for q = 2* , see [12]. 

As a consequence wc obtain the following existence result. 

Theorem 3.4. Let k be a positive radial function such that {KO) is satisfied. Assume that there 
exists /Uo > such that 

(16) / k{x)w'^'{x)dx>Tad^{k{Q),k{oo)} I w^' (x)dx, 

where is a solution to problem 

-Aw = -^w + w^*-!, X e K^, 

|,t|2 

w>0 m M^, and w € V^''^{]R^). 
Then (14) has at least a positive solution. 

Proof. Since the proof is similar to the proof of Theorem 2.5, we omit it. ■ 
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Remark 3.5. Assume that one of the following hypotheses holds 

(1) k{x) > k{0) + ci\x\'^''>^ for \x\ small and ci > tf k{0) > k{oo), or 

(2) k{x) > fc(oo) + C2\x\-'^''^ for \x\ large and C2 > if fc(oo) > fc(0), 

then there exists no > such that (16) holds. 
Let us set 

'+00 if A;(0) = fc(oo) = 

HA)=< f „_w A \^ iV-2/ A 

min I (A;(0)) — — [l - — j , (fc(oo)) — — [l - — j | otherwise. 

iV-2 

Lemma 3.6. If (KO) holds, there exists eo > such that \ \k\\oo ^ < b{eo) and 

(17) c(A) = 5^15^/211^11-"^ 
for any < A < £o • 

Af-2 

Proof. ^From (KO) it follows that if eo is sufficiently small then ||A;||oo ^ < ^(eo) and hence 
from the definition of c(A) we obtain the result. ■ 

3.2. Multiplicity. To find multiplicity results for problem (14) we need the following extra hy- 
potheses on k: 

(Kl) the set C{k) = € k{a) = max fc(x)| is finite, say C{k) = {aj\l < j < 

Card (C(fc))}; 

{K2) there exists 2 < 6 < N such that if Oj G C(fc) then k{aj) — k{x) = o{\x — aj\Y as x ^ Uj. 

Consider < tq < 1 such that Bro{aj) fl Br^iai) = for i 7^ j, 1 < i,j < Card {C{k)). Let 6 = ^ 
and for any 1 < j < Card (C{k)) define the following function 

(18) Tj{u) = -^^j^^'lvuP^i^''^'^ ^^'^"^^ = '"^ " 
Notice that if u ^ and Tj (u) < 5, then 

To / \Vufdx < / tfjj{x)\Vu\'^dx 

< [ tpj{x)\Vu\'^dx <5 I \Vu\^dx = ^ / \Vu\'^dx. 
Hence we have the following property. 

Lemma 3.7. Let u G T)^''^{]R^) he such that Tj{u) < 5, then 

\Vu\^ >3 [ \\/u\^dx. 

As a consequence we obtain the following separation result. 

Corollary 3.8. Consider u G T>^''^{]R^), u^O, such that Ti{u) < 5 and Tj{u) < 6, then i = j. 
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Proof. By Lemma 3.7 we obtain that 

/ 



2/ |Vu|^rfa;>3( / \\7ufdx+[ \Vu\'^dx). 

/ 



lii^ j we find that 

2 / \Vu\'-dx > 3 / \Vu\'dx, 

a contradiction if u ^ 0. ■ 
Consider the Nehari manifold, 

(19) M{\) = {u G V^'^{M^) : u ^ and {Jx{u), u) = 0}. 
Therefore if u € M(A) 

/ \yu\^dx-xl ^dx= ( k{x)\u\^' dx. 

Notice that for all u G V^''^{]R^), u ^ 0, there exists i > such that tu e M(A) and for all 
u e M(A) we have 

/ \Vufdx~xf 2^dx<{2*-l)[ k{x)\ufdx, 

hence, there exists ci > such that 

Vu S M(A), ||u||pi,2(jfjjv-) > ci. 
Definition 3.9. For any < A < A^v and 1 < j < Card (C{k)), let us consider 

Mj{\) = {u G M(A) : Tj{u) < 6} and its boundary Tj{X) = {u G M(A) : Tj{u) = 5}. 
We define 

TOj(A) = inf{J;^(u) : u G Mj{X)} and r]j{X) = inf{JA(M) : u G rj(A)}. 
The following two Lemmas give the behaviour of the functional with respect to the critical level 

c. 

Lemma 3.10. Suppose that {KO), {Kl), and {K2) hold, then Mj{X) ^ and there exists ei > 
such that 

(20) mj{X) <c for alio <X< £1 and l<j< Card (C(fc)). 
Proof. We set 

1 V 

(21) v^,,j{x) = — — ■ — ^ and u^,,j = ^'j , 

then ||w^j||2* = 1 and Jj^n \Vu^j\'^dx = S. If 
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then t^j{X)Ufij € M(A). Making the change of variable x — aj = fiy, we obtain 

where uo{x) is U/j^j to scale /x = 1 and concentrated in the origin. Then 

V rr u /^^ X Im«i'j{aj)\yuo{y)\^dy 

hm T,(i„,(A).,,) = ^j^^|v,,(,)|2rf, = Maj) = «. 

uniformly in A. Hence we get the existence of /xq independent of A such that it fi < fj,o, then 
tnj{X)Ufj„j G Mj(A). Notice that 



In order to prove (20), it is sufficient to show the existence of < /xq such that if < A < ei then 

max Jx{tu^,j) = Jx{t^,,j{X)ui,j) < c. 
t>t\ \\) 

We have 

+2* 



t>t 

and 



{t f t f * ~i 1 f u 

- / |Vw^,jfda;-— / A;(a;)|w^,jf dx\ - -\tl{\) / -^dx 



max 



In view of assumption (K'£) we have that for some positive constants c\ , C2 
/ k{x)\uij,jf dx = \\k\\oc - {k{aj) - k{x))\uij,jf dx 

JR^ JR^ 



> /^_|__^, (^?+ 1^ ^"'""/ifVB.C, + l=^-%f )" } 



= l|l:|loo+0(/). 

Then we obtain that 

1 5^/2 1 



max J(to^j) < ^^tl{\) -^dx 

1 <?^/2 1 r ■ 

< ^A^ + 0(/)-iAt?(A)/ ^dx. 
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Using estimate A. 6 from [16] we obtain that for some positive constant c 

■ 

-r^dx > cfi^ as /i ^ 0. 



jv \xy 



1 5-^/2 1 
max J(to^,,) < —+0{^i^)--cXtl{\)|/ 

t>tl{\) iV ^ 



Therefore we get 



where C3 is a positive constant. Since from {K2) we have 2 < 6 < N, we get the existence of £1 
and Ho such that if /x < /xq and < A < £1, then max J{tUi_ij) < c and the result follows. ■ 

t^ti (A) 

We prove now the next result. 

Lemma 3.11. Suppose that {KO), (Kl), and {K2) are satisfied, then there exists £2 such that for 
alio < X < 52 we have 

c < r]j{X). 

Proof. Wc argue by contradiction. We assume the existence of A„ — > and such that 

iV-2 

Un S Tj{Xn) and J\^{un) c < c = j]S^^^\\k\\ao ^ ■ We can easily prove that is bounded. 
Then up to a subsequence we get the existence of Z > such that 

lim / |Vu„pdx = lim / k{x)\un\'^ dx = I. 

N — 2 

Notice that / > /S'^'^||A;||oo ^ • On the other hand, by the definition of we have, 

^1 + 0{1) = Jx„{Un) 



U \Wu„fdx-^[ ^-i 
2 JiRiv 2 J^N |a;|^ 2 



^Un\^dx I ri2-- I k{x)\Unf'dx 



< ^5^/^||A;||-'^+o(l). 



N — 2 



Then we conclude that I = 5^^^11^:1100 ^ and therefore, 
(22) lim / {\\k\\^ - k{x))\unf dx = 0. 

Hi 

We set Wn = 71 — Ti — , then ||w„||2* = 1 and 

\\Un\\2' 

lim / iVwnpdx = S. 

Hence by using the concentration compactness arguments by P.L. Lions (see also Proposition 5.1 
and 5.2 in [18]), we get the existence of wq G V^''^{1R^) such that w„ converges to wq weakly in 
T>^''^{]R^) (up to a subsequence) and one of the following alternatives holds 
(1) Wo ^ and w„ wq strongly in the 'D^''^{1R^). 
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(2) Wo = and either 

i) |Vw„p ^ dfi = SSxo and |w„|^* du = d^^ 
or 

ii) |Vw7„p ^ dfioo = S6oo and ^ di/oo = (^oo- 
The last case means that 

Uoo = lim limsup / |w„p da; = 1 and /^oo = lim Hmsup / |Vwn|^ da; = 5. 

R^oo n^<x J\x\>R R-^oo n^<x J\x\>R 

If the first alternative holds, from (22) we obtain that 

lim / (\\k\\oo - k{x))wl dx = (\\k\\ao - k{x))wl dx = 0, 



a contradiction with the fact that k is not a constant. 

Assume that we have the alternative 2 i), then since Tj{wn) = Tj{un) = 5, we conclude that 

X r \ V J,[iNipj{x)\Vwn\^dx 

S = T,{w^) = Jim iv^^p,^ = i^A-o). 

Hence the concentration is impossible in any point aj S C{k). On the other hand from (22) we 
obtain that 

0=lim / {\\k\\^-k{x))w'^dx=\\k\\oo-k{xo), 

a contradiction. 

To analyze concentration at oo, consider a regular function ^ satisfying 

^(x-)-{ ^' if 1^1 >^+l 
^^^^ ~ \ 0, if \x\ < i?, 

where R is chosen in a such way that \aj \ < R — 1 for all j. Then we have 
6 = Tj{wn) = lim 



/iR" V'i(a;)|Vw„p(ia; 



j.^ j.^ /jRiv ^{x)\Vwn\'^dx + /j^m(1 - ,e(a;))V'j(a:)|Vwnpda; 
i{_>oon->oo J^jv |Vw„Pda; 

Since lim /"^^(l — ^(a;))'^! (a;) I Vw„Pda; = 0, we conclude that 

r r r Jjf^N ^ix)\^Wn\^dx 

6 = hm hm -l^i- — = 1, 

fl_>(x) Ti->cx3 J^N\yWn\dx 

a contradiction if we choose 6 < 1. So we conclude. ■ 

We need now the following Lemma that is suggested by the work of Tarantello [17]. See also [6]. 

Lemma 3.12. Assume that < A < minjei, £2} where £1, £2 are given by Lemmas 3.10 and 3.11. 
Then for all u e Mj (A) there exists p„ > and a differentiable function 



/:B(0,p„) c2?^''(iR^)^iR 
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such that /(O) = 1 and for all w € B{0,pu) we have f{'w){u — w) £ Mj{X). Moreover for all 
V G V^'^{1R^) we have 



(23) if iO),v) 



2 I VuVvdx-2Xl ^dx-2* I k{x)\uf-^uvdx 

Jm'" 



[ \Vu\^dx-x( ^dx-{2*-l)[ k{x)\ufdx 



Proof. Let u e Mj{X) and let G : iR x V^'^{R^) Mhc the function defined by 

G{t,w)=t( [ \V{u-w)fdx-X [ -t^'-^ [ k{x)\u-wfdx. 

Then G(l, 0) = and Gt(l, 0) = | Vupdx - A /j^^™ - (2* - 1) ^ (since 

u € Mj(A)). Then by using the Implicit Function Theorem we get the existence of /9„ > small 
enough and of a differentiable function / satisfying the required property. Moreover, notice that 



2 / \/uVvdx-2X I ^dx-2* [ k{x)\u\'^*-^uvdx 



N \X\^ 



S/uYdx - X / —dx - (2* - f) / k{x)\uY dx 

JR" J]RN \x\^ JjjN 



We arc now in position to prove the main result. 

Theorem 3.13. Assume that {KQ), {Kl), and (K2) hold, then there exists £3 small such that for 
all < X < S3 equation (I4) has Card(C(fc)) positive solutions Uj^\ such that 

(24) |Vu,,.p - and \u,,A^' ^ S^'/^WkW-J/H,, asX^O. 

Proof. Assume that < A < £3 = minj^o, ei, £2}, where Eq, e\ and £2 are given by Lemmas 
3.6, 3.10 and 3.11. Let {m„} be a minimizing sequence to J\ in Afj(A), that is, G Afj(A) and 
Jx{un) ~* iTT'jW &s n —^ 00. Since J\{un) = J\{\un\), we can choose m„ > 0. Notice that we 
can prove the existence of ci,C2 such that ci < ||wn||Di,2(jRN) < C2. By the Ekeland variational 
principle we get the existence of a subsequence denoted also by {«„} such that 

J\{U"n) < mj{X) + — and J\{w) > J\{un) — —Ww — w„|| for all w G Mj(A). 

Let < p < p„ = pu„ and /„ = /„^, where Pu„ and are given by Lemma 3.12. We set 
Vp = pv where ||w||i5i,2(jRN) = 1, then Vp G B{0,pn) and we can apply Lemma 3.12 to obtain that 

Wp = fn{Vp){Un - Vp) G Mj{X). 

Therefore we get 

^\\Wp-Un\\ > J\{Un) - JxiWp) = {JxiUn),Un - Wp) + o{\\Un - WpW) 
> pfn{pv){Jx{Un),v) + 0{\\Un - WpW). 

Hence we conclude that 

{J'xiun), v) < - " ; , ?" (1 + 0(1)) as p ^ 0. 

n PJniPV) 
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Since \fn{pv)\ l/«(0)| > c as p ^ and 

\\Wp - Un\\ ^ \\fn{0)Un - fn{pv){Un - Pv)\\ 

< IKIII/»(o)-lMI + |p||/nMI^ , 
p 

Then we conclude that J^(u„) — > as n — > oo. Hence is a Palais-Smale sequence for J\. 

Since mj(A) < c and c = c(A) for A < Eqi then from Lemma 3.1 we get the existence result. 
To prove (24) we follow the proof of Lemma 3.11. Assume A„ — *■ as n — > oo and let u„ = Wjo,a„ S 
Mjg (A„) be a solution to problem (14) with A = A„. Then up to a subsequence we get the existence 
of ^1 > such that 

lim / |V.„Pc^.= lim / ki.)Krd^ = h. 

N-2 

Therefore as in the proof of Lemma 3.11 we obtain that h = S'^'^\\k\\oo ^ and 

— k{x))u'^ dx = 0. 



lim / 



u 

We set Wn = 7i — — ' then \\wn\\2' = 1 and lim 2/10^', = 5". Hence we get the existence 

of Wo e Di'2(iR^) such that one of the following alternatives holds 

(1) wq ^0 and w„ — > wq strongly in the I>^'^(iR^). 

(2) wq =0 and either 

i) |Vw„p diJ, = SSxo and |w„|^* dv = 
or 

ii) iVwnp ^ djjLoc = Sdao and |w„P' ^ di^oc = (^oo- 

As in Lemma 3.11, the alternative 1 and the alternative 2 ii) do not hold. Then we conclude that 
the unique possible behaviour is the alternative 2. i), namely, we get the existence of xq G IR'^ 
such that 



IVwnl^ d/z = S6xo and ^ dv = 6xo- 



Since 

/■ Q r 

A;(a;)|'u;„| dx + o{l) 



[ \VWnfdx = S + o{l)=S [ \Wnfdx + 0{l) = -^^f 



00 J m'' 
S 

k{xo) + o{l), 



then we obtain that xq G C{k). Using Corollary 3.8, we conclude that xq = Ojo and the result 
follows. ■ 



Remark 3.14. As in [4], we can prove the same kind of results under more general condition on 
k. For instance, we can assume that k changes sign and the following conditions hold, 

(K'l) max k(x) > and C'ik) = {a e I k{a) = max k{x)\ is a finite set. 
{K'2) {K2) holds. 
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In this case the level at which the Palais-Smale conditions fails becomes 

c(A) = -5* min (fc+(0))-^ (l - _) ^, (fc+(oo))-^ (l ' J^)'^ ]■ 

4. Category setting. 

In this section we use the Lusternik-Schnirelman category theory to get multiplicity results for 
problem (14), we refer to [1] for a complete discussion. We follow the argument by Musina in [15]. 

Wc assume that k is a nonncgative function and that < A < £o where is chosen in a such way 

_ N -\ 

that (l — j^) ^ > ^ and Eq < £o, being eq given in Lemma 3.6. We set for (5 > 

C{k) = {a G R^\k{a) = ||fc(a;)||oo} and Cs{k) = {x € M'^ : dist{x,C{k)) < S}. 
We suppose that {K2) holds and 

{K3) there exist Rq, do > such that sup \k{x)\ < \\k\\oo — do- 

\x\>Ro 

Let M(A) be defined by (19). Consider 

M(A) = {ue M(A) : Jx{u) < c}. 
Then we have the following local Palais-Smale condition. 
Lemma 4.1. Let {«„} C M(A) be such that 

(25) Jx{vn) -^c<c and Ja|m(x) (■^") ^ 0' 
then {vn} contains a converging subsequence. 

Proof. Assume that satisfies (25), then there exists {a„} C IR such that 

(26) J'y^{vn) - anG'y^ivn) ^ as Ti ^ 00 in V'^'^ilR'^) 

where G\{u) = {J'-^{u),u). Since {vn} C M(A) and J\{vn) < c, we have ri < ||fn||r>i>2(iR«) < ''2 
for some constants ri,r2 > 0. Using Vn as a test function in (26) wc conclude that a„ ^ as 
n — >■ 00. Hence {vn} is a Palais-Smale sequence for J\ at the level c < c and then the result follows 
by using Lemma 3.1. ■ 

To prove that M(A) 7^ we give the next result. 

Lemma 4.2. There exists ei > such that if < X < Xq := min{£o,ei}, then M(A) 7^ 0. 
Moreover for any {A„} C M+ such that A„ ^ as n ^ 00 and C M(A„), there exist 

{xn} C and {r„} C iR+ such that a;„ — > a;o € C(A:), r„ ^ as n ^ 00 anrf 

(27) ^n-ijT^) ' «.„(--a;„)^0 ml?i'2(JR^), 



w/iere 

(28) u.(x) = l^; ^ 

(r^ + |a;p) 2 

and Cr 2S t/ie normalizing constant to be ||ur||2* = 1- 
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Proof. The first assertion follows by using the same argument as in Lemma 3.10 since we have 

1 5"^/^ 

max J\{tWfjt x) < -77 + 0{i/) — cXjj^ < c for small and 2 < 6 < N, 

C 

where w^^xiu) = n^tti ^ G C(^) and C is the normalizing constant such that 

(^2 + \y - xp)^- 

llw^Ai.sIb* = 1 (see also [5]). As a consequence, there exists Aq such that for all < A < Aq the set 
M(A) is not empty. To prove the second part of the Lemma, eventually passing to a subsequence 
we set 

lim / |V.„|^d.= lim / ki.)Krd. = l. 

N-2 

Then as in Lemma 3.11 we can prove that / = 5^/^||fc||oo ' and 

(29) lim / i\\k\\^ - k{x))vl' dx = 0. 

Consider the normalized function w„ = t- — - — and 

\\Vn\\2' 

lim / \Vwnfdx = S. 

Using the concentration-compactness arguments by P.L. Lions, we obtain the existence of C 
and {r„} C 1R+ such that 

(30) «;„ -Ur„(- -x„) ^ in r'i'2(K^), 

and Wn ^ Wo G V^^'^^IR^). Moreover by the same argument as in the proof of Lemma 3.11 the 
weak limit is Wq = 0. We will show now that the concentration at infinity is not possible. Indeed 
if concentration at 00 occurs, by using (29) and {K3) we obtain 



/ k{x)wl' dx + o{l) = / k{x)w'^ dx + o{l) 

sup \k{x)\ 1 da; + 0(1) < (Halloo -rfo) +0(1), 



which is a contradiction. Then the unique possible concentration is at some point xq e . Hence 
we conclude that, up to a subsequence, r„ ^ and 

|Vur„(a; - a;„)p ^ Sd^g. 

Using (29) it is easy to obtain that xq € C{k). ■ 



Remark 4.3. Notice that as a consequence of the above Lemmas we obtain the existence of at 
least cat{M{X)) solutions that eventually can change sign. 

Hereafter we concentrate our study on the analysis of cat{M{X)), the behaviour of the energy, and 
the positivity of solutions. 
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If Ro is like in hypothesis {K3), we define 



X if \x\ < Rq, 



and for u e D^'^(iR^) such that u ^ we set 
(31) E{u) = 



/^.e(.x)|V«|2rfx 



We recall that for u G V^''^{IR^) such that u 7^ wc have t\(u)u e M(A) where tA(M) is given by 

'^"^ 1, s^.k{x)\urdx ) ■ 

Let *A : ^ Di'2(JR^) be given by 

where u^^ is given by (21), nx = g{\) such that g{\) — > as A — > 0. Notice that if a; £ C{k) and A 
is sufficiently small, then 

1 5^/2 

(32) JA(*A(a;)) = max JA(to^^(- - x)) < ^ + 0{fii) - cXnl < c. 

Then we can prove the existence of Ao,ci,C2 > such that for all < A < Aq we have ^\{x) e 
M(A), JA(*A(a;)) = c + o(l) as A ^ 0, and ci < tx{u^^{- - x)) < C2 for all x e C{k). As a 
consequence, taking limits for A ^ we obtain by Lemma 4.2 that for any x G C{k) 

(33) |VvI/a(x)|2 - = and |vl/(a;)|2* - di. = (5||fc||-i)^/25,. 
We prove now the next result. 

Lemma 4.4. For X ^ we have 

(1) E(^x{x)) = X + 0(1) uniformly for x G i3/jo(0). 

(2) sup{dist{E{u),C{k)) : u G M(A)} ^ 0. 

Proof. Let x G -8^0(0), then by (33) we obtain that 

^(WA(a;)) = , , = -=^^7 ; h o(l) = x + o(l) as A ^ 0. 

To prove the second assertion we take A„ — > and let ?;„ G M(A„), then by Lemma 4.2 wc get the 
existence of {xn} C JR^ and {r„} C JR+ such that such that a;„ — > a;o G C{k),rn —>^ as n —>^ 00 
and 

Af-2 

Since S is a continuous function we obtain that 

^/ ^ JjuN ^{x)\Vv„\'^dx J ^{x)\Vur„{- - x„)\'^dx 
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Since xq G C{k) C Bb.„{0) wo conclude that ^{xq) = Xq and the result follows. ■ 

We are now able to prove the main result. 

Theorem 4.5. Assume that hypotheses (KQ), {K2) and {K3) hold and let S > 0. Then there 
exists Ao > such that for allO < X < Aq, equation (14) has at least catci{k)C{k) solutions. 

Proof. Given 5 > there exists \o{5) > such that by Lemma 4.4 and (32), for < A < \q{5) 
we have that ^\{x) e M(A) for any x S C{k), and 

\E.{^x{x)) -x\<5 for all x £ BR^{<d) and S(u) £ Cs{k) for all u £ M(A). 

Let 7i(t, x) — x + 1{^{'^ \{x)) — x) where (t, x) £ [0, 1] x C(fc), then ?i is a continuous function and 
distinit, x), C{k)) < 5 for aU (t, x) £ [0, 1] x C{k). Hence 7^([0, 1] x C{k)) C C5(fc). 
Since H(0,a;) = x and 7i(l,a;) = S(5'a(x)), then we conclude that S o is homotopic to the 
inclusion C{k) ^ Cs{k). Since Ja satisfies the Palais-Smale condition below the level c, to prove 
the Theorem we need just to prove that cat{M{X)) > catc^{k)C{k). 

Suppose that {Mj}, i = l, no, is a closed covering of M(A), then for any i = l, no there exists 
a homotopy 

Hi : [0, 1] x Mi ^ M(A) 

such that 

Hi{0, u) =u for all u & Mi and Wi(l, ■) = constant for i = 1, no. 

Notice that from (32), we obtain that 1'A(C(fc)) C M{X). We set d = '^^'^{Mi), then Ci is closed 
in Cs{k) and C{k) C UjCj C C5(A;). Then we have just only to show that Cj are contractible in 
Cs{k). We set ft : [0, 1] x Cj ^ C5(fc) where ft(i,a;) = S(Hi(t, ^^(a;))). Then 

Qi{0, x) = Eo ^\{x) for all x GCi and ft(l, ■) = constant for i = 1, no. 

Since S o vf^ is homotopic to the inclusion C{k) > Cs{k) we have that Ci are contractible in 
Cs{k). To complete the proof it remains to prove that any solution has a fixed sign. We follow the 
argument used in [8]. Assume that u = u"*" — u~ with u+ > 0, w~ > and w"*" ^ 0,u~ ^ 0. Then 
we have 



(34) 



Vu^\'dx-X [ > 5(1 - A) ^ f / \u±f dx) 

jfjiv \x\^ An ^Jm" ' 



> 5(1- — )^||fc||oo^f / fc(x)|w±|2*dx) 

Since u is a solution to problem (14) we obtain that 

,±|2 



(35) / \Vu^^dx-xl \^dx= f k{x)\u^fdx. 

Therefore we conclude that 

c > Jxiu) = ^ [ k{x)\uf'' dx = ^\ [ k{x)\u~^\'^' dx + [ k{x)\u~f'dx\ 

N J]RN N I J^N JjjN J 



25^/ A , 



Hence we obtain 2(1 — -r^) 2 < 1 which contradicts the choice of A. 
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Remark 4.6. 

i) If C{k) is finite, then for X small, equation (14) has at least Card{C{k)) solutions. 

ii) We give now a typical example where equation (14) has infinity many solutions. Let rj : 
M M+ such that rj is regular, 77(0) = and r]{r) = 1 for r > 5. We define ki on 
[0, IjdMby 

Jo z/r = 0, 

"^^"■^ \^{r){l-\sm{^)\0) z/0<r<l, 

where 2 < 9 < N . Notice that ki has infinitely many global maximums archived on the set 

C{ki) = \rn = l + — forn>l\. 

Now we define k to be any continuous bounded function such that k{x) = fci(|a:|) if \x\ < 
1) 1 1^1 loo ^ 1 and lim k{x) = 0. Since for all m € IN, there exists d(m) such that 

ca,tcs(k){C{k)) = m, then we conclude that equation (14) has at least m solutions for < 
A < A((5). 

iii) Let us note that if S becomes larger, then catci(k){C{k)) decreases, so that Theorem 4-5 is 
interesting for 5 small. 



References 

[1] A. Ambrosetti, Critical points and nonlinear variational problemes, Mem. Soc. Math. Prance (N.S.), no. 

49 (1992). 

[2] A. Ambrosetti, M. Badiale, Homoclinics: Poincare- Melnikov type results via a variational approach, Ann. 
Inst. Henri Poincare Analyse Non Lineaire, 15 (1998), 233-252. 

[3] A. Ambrosetti, J. Garcia Azorero, I. Peral, Elliptic variational problems in with critical growth, J. 
DifT. Equations, 168 (2000), no. 1, 10-32. 

[4] G. Bianchi, J. Chabrowski, A. Szulkin, On symmetric solutions of an elliptic equation with a nonlinearity 
involving critical Sobolev exponent, Nonlinear. Anal. T.M.A, 25 (1995), no. 1, 41-59. 

[5] H. Brezis, L. Nirenbcrg, Positive solutions of nonlinear elliptic equation involving critical exponents, 
Comm. Pure. Appl. Math., 36 (1983), no. 4, 437-477. 

[6] D. Cao, J. Chabrowski, Multiple solutions of nonhomogeneous elliptic equation with critical nonlinearity, 
Differential Integral Equations, 10 (1997), no. 5, 797-814. 

[7] D. Cao, J. Chabrowski, On the number of positive solutions for nonhomogeneous semilinear elliptic prob- 
lem. Adv. Differential Equations, 1 (1996), no. 5, 753-772. 

[8] S. Cingolani, M. Lazzo, Multiple semiclassical standing waves for a class of nonlinear Schrddinger equa- 
tions, Top. Methods Nonlinear Anal., 10 (1997), 1-13. 

[9] J. Garcia Azorero, I. Peral, Hardy Inequalities and some critical elliptic and parabolic problems, J. Diff. 
Equations, 144 (1998), no. 2, 441-476. 
[10] N. Ghoussoub, Duality and perturbation methods in critical point theory, Cambridge Tracts in Mathematics 
(1993). 

[11] V. Felli, M. Schneider, Perturbation results of critical elliptic equations of Caffarelli-Kohn-Nirenberg type, 

to appear in J. Diff. Equations. 
[12] O. Kavian, Introduction a la theorie des points critiques et applications aux problemes elliptiques, 

Mathematiques & Applications, 13, Springer- Verlag, Paris, 1993. 
[13] P.L. Lions, The concentration- compactness principle in the calculus of variations. The limit case, part 1, 

Rev. Matematica Ibcroamcricana, 1 (1985), no. 1, 145-201. 
[14] P.L. Lions, The concentration- compactness principle in the calculus of variations. The limit case, part 2, 

Rev. Matematica Iberoamericana, 1 (1985), no. 2, 45-121. 



AN EQUATION INVOLVING HARDY INEQUALITY AND CRITICAL SOBOLEV EXPONENT 



23 



[15] R. Musina, multiple positive solutions of a scalar field equation in , Top. Methods Nonlinecir Anal., 7 
(1996), 171-186. 

[16] D. Smets, Nonlinear Schrddinger equations with Hardy potential and critical nonlinearities, Preprint. 
[17] G. Tarantello, On nonhomogeneous elliptic equations involving critical Sobolev exponent, Ann. Inst. H. 

Poincare Anal. Non Lineaire, 9 (1992), no. 3, 281-304. 
[18] S. Terraclni, On positive entire solutions to a class of equations with singular coefficient and critical 

exponent, Adv. Diflf. Equa., 1 (1996), no. 2, 241-264. 
[19] M. Willem, Minimax theorems, Progress in Nonlinear Differential Equations and their Applications, 24. 

Birkhauser Boston, Inc., Boston, MA, 1996. 

B. Abdellaoui& I. Feral, Departamento de Matematicas, U. Autonoma de Madrid, 
28049 Madrid, Spain. 

E-mail address: boumediene.abdellaoui9uam.es, ireneo.peral9uam.es 

V. Felli, S.I.S.S.A., Via Beirut 2-4, 34014 Trieste, Italy 
E-mail address: felli9sissa.it 



